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ABSTRACT 
Milnor considered real polynomial maps f: R m -+ Rk (m > k > 2) with 0 an 
isolated critical point, found an associated fiber bundle, and called the singularity 
trivial if the fiber P is diffeomorphic to a disk. He asked: for what (m, k) are there 
non-trivial examples? Using a result of Looijenga the authors answer this question 
for m-k # 3, and show that the answer depends precisely on the Poincare Conjecture 
if m-k= 3. For m-i? # 4, 5 they also show that triviality is equivalent to: f at 0 
is locally topologically equivalent to the projection map Rm --+ Rk. 
1. INTRODUCTION 
Throughout this paper f : Rm -+ Rk (m > I% > 2) is a real polynomial map 
with f(0) = 0 and 0 an isolated critical point; this is called a polynomial 
isolated singzclarity. Let D? be the closed m-ball of radius E about 0, 
let Dm = DY, and let A%?-~ = bDm. 
DEFINITION (LOOIJENGA [B, p. 4181). Let Km-k-1 be an oriented sub- 
manifold of the oriented sphere Sm-i with trivial normal bundle, or let 
K = 0. Suppose that for some trivialization c: T -+ K x @ the compo- 
sition p 0 c 
T-K+ Kx (Dk-0) + Sk-1 with ~(x, y)=y/]y] 
extends to a smooth bundle projection 7t: Sm-1 - K --f Sk-l. Then (Sm-1, 
Km-k-l) is called a Neuwirth-Stallings pair (NS pair). The closure F of 
any fiber Z-~(X) is called the fiber of the NS pair, so that i3F = K. 
THEOREM (MILNOR [9, 3 111). For f a polynomiak isolated singularity 
and E > 0 suficiently small, (SY1, f-l(O) A E-l) is an NS pair, died the 
associated NS pair of the singularity. (Here the trivialization results from 
the restriction of f to a neighborhood of f-l(O) n E-l in K-l.) 
MILNOR proposed to call the singularity trivial if the fiber F of the 
associated NS pair is diffeomorphic to Dm-k, and he asked [9, p. 1001: 
“For what dimensions rn>k> 2 do non-trivial examples exist ?” We 
largely answer this question now. 
THEOREM. a) For 0 G m - k G 2 non-trivial examples occur precisely for 
(2,2), (4,3) ana (4,~). 
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b) For m-k > 4 non-trivial examples occur for all (m, k). 
c) For m-k= 3 non-trivial examples occur for (5,2) and (8,5). Moreover, 
if the (34imensional) PO&care’ Conjecture is false, then there are non-trivial 
examples for all (m, k). If the Poincari Conjecture is true, all examples are 
trivial except (5,2), (8,5) and possibly (6,3). 
Some information on the cases m=2k (e.g. the case (6,3) omitted in 
the theorem) is given in a forthcoming paper of the authors. 
The main tool in the proof is the following 
THEOREM (LOOIJENGA [6]). C hen an NS pair (ii@-1, Km-k-l) with 
K # c3, there exists a polynomial singularity f whose associated NS pair is 
c&geomorphic to the connected sum (P-1, K) # (( - l)?.S~-1, (- l)“-kK). 
We prove below that for all (m, k) with m-k> 4 there exist NS pairs 
(Sm-1, Km-k-l) with non-simply connected K, and Looijenga’s Theorem 
thus implies the main case b). Case c) if the Poincare Conjecture is false 
results similarly. The cases R= 0 and K # Ca with m-k ~‘2, are simpler, 
but are included for completeness. 
Finally, in $ 3 we give an alternative characterization of triviality. 
2. PROOIE OF THE THEOREM 
b) There is a combinatorial, contractible (m- k)-manifold F-k with 
boundary such that @-k x [0, l] is homeomorphic to Dm-k+l and BPm-k 
is not simply connected [4]. Since P m-k is contractible, it may be assumed 
to be smooth [lo, p. 3731, so that Pm-k x Dk (k> 2) is a smooth manifold 
with corners. The corners may be straightened [7, pp. 36-371 and since 
m> 6 and W-k x Dk is homeomorphic to Dm, it is diffeomorphic to Dm 
[S, p. 108]. 
Now T = Wm-k n Dt is a tubular neighborhood of K =bFm-k x 0 in 
i)(Fm-k x Dk) M Xm-1. There is a diffeomorphism 01: Dk- 0 m A!?+-1 x (0, l] 
with @Dk) = 1!?+1 x 1. Define 
by YZ(X, ol-l(y, t)) = y for x E Fm-k, y E Sk-1 and t E (0, 11, and z(x, y) = y 
for x E F and y E Sk-r. Straightening corners, using 01, smooths each fiber 
so that z is a smooth map with maximal rank. Thus (o(i?‘m-k x Dk), K) 
is an NS-pair. 
According to Looijenga’s theorem there is a polynomial isolated singu- 
larity f so that K’= f-l(O) n XT-l is diffeomorphic to the connected sum 
K # K. By Van Kampen’s theorem the fundamental group nr(K’) # 1 
because nl(K) # 1. This implies conclusion b). 
c) Assume that k > 3 and the Poincar6 Conjecture is false. For Fs + 03 
a compact contractible manifold there is as above a polynomial isolated 
singularity with fiber F3 # F3 (connected sum along the boundary). 
Since ?IF w X2, it follows from the generalized Schoenflies theorem [2] 
that F3 # F3 # 03, so that the singularity is non-trivial. 
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The rest of the proof of the theorem is given in the following two 
lemmas. Note that 0 is an isolated point of f-i(O) if and only if 
K = f-l(O) n ST = 8. 
LEMMA 1. If 0 is an isolated point of f-l(O), then m = k or (m, k) = (4,3), 
(WQ, (16,9). If m=k the singularity is trivial unless k= 2. The other cases 
are never trivial. 
PROOF. The associated NS-pair of f is (Sm-1, O), so that Sm-r is a 
fiber bundle over Sk-i. For m-k > 1 this implies that the fiber is a 
homotopy 1-, 3- or ‘I-sphere [l] and (from the Wang sequence) k = 3, 5, 
resp. 9. If m=k, the bundle is a covering which is trivial unless k= 2. 
Examples are f(x) =zd (.z E C) and those of Kuiper in [9, p. 1021. 
LEMMA 2. Assume 0 <m-k G 3 and 0 is not isolated in f-l(O). (i) There 
are non-trivial polynomial isolated singularities for (m, k)=(4,2) and (5,2). 
(ii) If m-kg2 they are all trivial except for (m, k)=(4,2). If m-k=3 
and k 2 3 all polynomial isolated singularities have simply connected jibers, 
contractible if k 2 4. 
PROOF. (i) C om ex o pl p ly nomials in two variables, e.g. f(z, w)=@+ ~3, 
yield non-trivial examples for (m, k)=(4,2). According to Looijenga’s 
remark [6, p. 4211 this implies the existence of non-trivial examples for 
(m, k)=(5,2). (ii) S ince K # 8, the fiber P of the associated NS-pair is a 
(k - 2)connected compact orientable (m - k)-manifold with non-empty 
boundary, by the first two paragraphs of the proof of [9, p. 100, (11.4)]. 
REMARK. If (m, k) has a non-trivial polynomial isolated singularity 
with K # 8, then it has infinitely many. (For m-k # 4,5 this results from 
Looijenga’s Theorem, and for m-k> 4 from our Theorem.) 
3. AN ALTERNATE CHARACTERIZATION OF TRIVIALITY 
A map g: X + Y is locally topologically equivalent at x E X to a map 
g’: X’ -+ Y’ at x’ E X’ if there are open neighborhoods i!J of x, U’ of x’, 
V of g(x), and 8’ of g’(x’) and homeomorphisms 01: U w U’ and ,B: P GV V 
such that ,!3 o g]U=g’ o 01. The branch set Bf is the set of points at which 
f fails to be locally topologically equivalent to the projection map 
e: Rm + Rk. From the Rank Theorem [3, p. 617, (l.S)] Bf is contained 
in the critical set. 
PROPOSITION. For m- k#4,5, f is trivial if and only if 0 6 Bf. 
(*) For E > 0 and 7 > 0 sufficiently small, from the argument of [9, 
pp. 97-991 
OF n f-l(L$-0) 2 06-0 
is a bundle map with fiber F, and its restriction over St-l is essentially 
the associated bundle of the singularity. 
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LEMMA 3. For any E> 0 su&iently small and any 6 with O<B<E, 
there is c> 0 such that 
(DF - int D?) n f-l(@) 24 (K x I) x I$ 
with 7c o h the restriction of f and z-c projection on Df. 
(In case K=(d, both sides are empty. 1=[0, 11.) 
PROOF. Choose 5 > 0 sufficiently small that f I(h’T-’ u A%?-‘) has only 
regular values in 0;. It follows as in [9, p. 981 that 
(DT- int Dr) n f-l(D$) L @ 
is a bundle map, and thus a product bundle. Prom (the proof of) [9, 
p. 18, (S.lO)] (DT- int D?) n f-l(O), which is the fiber of this bundle, 
is diffeomorphic to K x I, where K=S?-l n f-l(O). (Alternatively, we may 
construct a diffeomorphism directly using an extension of the argument 
of [9, p. 18, (2.10)]: For c sufficiently small we may construct the vector 
field v so that v(x) is tangent to (DF- int OF) n f-l(f(x)) whenever 
f(x) E D;.) 
PROOF OF THE PROPOSITION. Suppose 0 $ Bf. Given E and 7 as in (*), 
there is 6, O<~<Y, an open neighborhood U CDT n f-1(0$ of 0, and 
a homeomorphism 01: U w Dm-k x D$ such that z o LX is the restriction 
of f. Choose S with DF C U and 5 < t as in the Lemma. Then for y E 0; - 0 
D? n f-l(y) C U n f-l(y) C DF n f-l(y) 
with the first and last terms homeomorphic to P, the middle one to 
Dm-k, and the composition inclusion a homotopy equivalence by Lemma 3. 
Thus q(DY n f-l(y)) = 0 for all i, so that DT n f-l(y) (i.e. J’) is contractible. 
Moreover, from the existence of 01, f-l(O) is an (m-k)-manifold at 0. 
Since DF n f-l(O) is homeomorphic to a cone over K [9, p. 18, (2.10)], 
K= BP is connected (use an argument similar to that of the preceding 
paragraph), so that K is an (m-k- 1)-homotopy sphere. 
If m--k> 6, then P is diffeomorphic to Dm-k [S, p. 1081. If m- kg 3, 
then a(D8” n f-l(y)) is homeomorphic to W-k-1; since D? n f-l(y) w P 
is contained in a homeomorph of Dm-k (by the definition of a) and is 
bicollared, it is homeomorphic to D m-k [2], and thus [ll] diffeomorphic 
to Dm-k. As a result, 0 $ Bf implies that f is trivial for m--k#4,5. 
A map g : X --f Y is completely regular if for each y E Y and ,u > 0 there 
is [> 0 such that for each y’ E Y with distance d(y, y’) <c, there is a 
homeomorphism y : g-i(y) w g-i(y’) with d(x, y(x))<,~ for all x E g-l(y). 
KIM [5, Corollary l] showed (roughly) that a completely regular map 
over a contractible base with fiber a compact manifold (possibly with 
boundary) is a product bundle map. 
Now suppose that f is trivial, i.e. that li’ is diffeomorphic to Dm-k, 
We will prove that 
DT n f-1(0;) -‘, 0,” 
is completely regular for e and q as in (*), and by Kim’s result, it follows 
that 0 $ Bf, completing our proof. 
Since the map is a bundle map over D,“-- 0 it is completely regular 
for all y E D,“-- 0. Given ,u> 0, choose 8~ min (,u/2, E) and 5 as in (*) 
so that 
DT n f-l(D:-0) f_ Dp-0 
is a bundle map and 5 satisfies Lemma 3 for a and 6. From Lemma 3 
for each y E De- 0 there is a homeomorphism 
B: (OF-- int D?) n f-l(y) w (DT- int D?) n f-l(O) 
with p(flr-’ n f-l(y))=%-’ n f-l(O) and, if 5 is sufficiently small, 
d(x, P(x))<,D for all x in (DP- int DSm) n f-l(y). By hypothesis the fiber 
P m DF n f-l(y) is diffeomorphic to D m-k, while DZ n f-l(O) is the cone 
over K M 8Y-l n f-l(O) w bJ’ cw #m-k-l [9, p. 18, (2.10)]. Thus /3 may be 
extended to a homeomorphism y of 07 n f-l(y) onto DT n f-l(O) with 
y(D? n f-l(y))=Di? n f-l(O). S ince diam D$<,u, d(x, y(x))<p for each 
x E DF n f-l(y), and the complete regularity at 0 results. Hence the map 
is completely regular, so that f trivial implies that 0 $ Bf for all m-k. 
REMARKS. In a series of papers beginning with [3] CHURCH and 
TIMOURIAN investigate maps f with m-k= 0, 1, 2. More generally they 
consider both (1) (continuous) maps on manifolds with dim Bf= 0 and 
f(Bf) tame O-dimensional, and (2) smooth ((7%) maps with O-dimensional 
critical set, and except for (4,2) they characterize the possible examples 
up to local topological equivalence. The Theorem (with the Proposition) 
shows that their stringent dimension restriction is needed. 
In [19] H. C. KING considers more general maps, and in a very technical 
result relates the local topological equivalence of two maps to the equiva- 
lence of their corresponding bundles. 
At the end of [13] N. A’CAMPO gives an explicit example of a real 
polynomial isolated singularity Rsm+s --f Rs which is not topologically 
equivalent to a complex polynomial singularity. 
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